
H
*

(Bsoczn) ; ZI = # [Pis - r -)Pme%,=p, >④ Torsion
where Torsion is as above

D. Obstruction Theory, take two

suppose A CX and we have a map f :A → Y

Can we extend f to a map
✗→ Y ?

Use obstruction theory again !

as usual assume

A) IX.A) a relative CW -complex

(so * D= A and X" obtained from ✗
←'] by

attaching k - cells )

B) Y is n - simple for all n
lie

. Tilt) acts trivially on Tin (E)
so Tin IY ) = [ s? Y])

Th " 19 :

given ④A) satisfying A) and Y satisfying B)
and f : ×

"
→ Y

then 1) 3- a cocycle E (f) E C
""

IX.Aj E. (Y))
which vanises



⇔

f extends to ✗
*D

2) olf) = [Elf)] c- H
""

IX.A; TinCYD vanishes
⇔

ft
×@

- it extends to ×
""

Proof : just like in section A

Elf ) : Cnf
,
IX. A) → E. IYJ
It

⊕ Zeng ←
free abeliangroup
generated

'

by @+11 cells

is defined as follows :

e TF' is attached by amap

8 :@e =5) → ✗
⇔

so Eley
' ) = [f- ◦ of;] c- [ si Y] ± TECH

exercise :

1) Elf) = 0 ⇔ f extends to *
)

2) Elf ) unchanged under homotopy off
3) S E(f) = 0

4) given f.g : ✗
"
→ Y that agree on

✗
"")

then I TIF
,g) E C

"

(X
.Aj Tin (Y)) st.

8T (f.g) = Ect) - E(g)



5) by varying the homotopy class off on
✗
"
,
relative to ✗

← '? we can

change E (f) by an arbitrary
coboundary

Hint : See proofs of Lemmas 1 and 2

The follows EH

Thm_20 :

let f.g : ✗→ Y be given (satisfying A), B) above)

and H : 1%10,1]→ Y a homotopy f/✗intog Him
the obstruction to extend H to ✗←" ✗[0,1]→ Y

lies in
µ
"

(×
,
A; an IY) )

Proof : by Thʰ 19 weget an obstruction
in

H
""

/ ✗✗ [o . I]
, FA ✗ so. D) UH ✗ Hi})); Tin IY))

now let U
,
= ✗ ✗ [0,3/4]

,
V
,
= ☒ ✗ {◦3) u(A ✗ [0,34 ] )

V2 = ✗ ✗ [
'

4,1] , V2 = (✗ ✗ {B) u (-1×[4%1])

U
,
A Uz = ✗ ✗ [ 44,314 ]

, Vink
= A ✗ [ Yq

,
%]

and since (XA ) an NDR pair Lemma I. 9 says

④✗ {◦3) U A ✗ [0,314] is a retract of ✗ ✗[0,3/4]

so H
" / 4.4) = 0



now

HY)⊕y → H
"

(4^4,4^4) → H
"

+4404,40k) → It
"

14,41+04^+1%7
-7

So H
"(✗ ✗ [ '14,314 ]

,
A- ✗ [ '4.314] ) E H

"/ ✗✗ [on]
,☒ ✗ {on })uA✗ [ad) )

s"

H
" IX.A)

so obstruction lives in claimed group
!
☒

Th 121 :

let (✗A) be a relax 've CW- complex
and Y be an n- simple space for

all n

if TGI 4) =D tf k < n - 1
,
then for any f- : A→ Y

1- an extension f- : ✗
"
→ Y and the

obstruction @(f-I] only depends on f
primaryso denote it 8

""(f) £obstruction

moreover if g :(XIA
'

) → (X, A) then

g.
*(8^+45-1)=8

" "

( f.g)

Proof : just like proof of Thm 4
☒

Th M-221Brown Representation That) :

let IX.A) be a relative CWpair
there is a natural bijection



[ IX.A)
,
@t.nl

,
xD] An IX.A; t )

[E-lemberg -Mclane Ti abelian
space

Proof : by Hurewicz Hpd kit.nl/--0 for k < n

and Hnlkit.nD-E.lk/iT.nD=-
the Universal coefficients TTF says

H
"

(Ki-in) ; F) = Hon /Hnlklt.nD.it) ⊕ Ext (Hn - IKUTA, F)

I Hom it, t)

let l c- H
"

/Ki-in)
,
-11 ) correspond to id : T→ IT

define 4:[ IX. A) , /Ki-in), xD]→ H
"

IX.A; F)
f- f

*
L

note : since tht KC-a.nl) = O Fk <n the first obstruction

to homo toping a map f: IX.A) → (Ki-in) . %)
to be constant lives in H

"

/ IX. A)
,
t)

Clarin : this obstruction is f)

to see this note that by then naturally of the
primary obstruction we just need to check that L

is the primary obstruction to homotoping the

identity map KCTI.nl→ Kita ) to the constant map

we know Kit. a)
""
= ✗

◦

so id and constant map agree on ki-i.nl
""

the n- cells e? correspond to generators



of Tl = Tin (Ki-in))

ÉE A "((Klan) , xo ); t) = H
""

((kit.nl#3xLaiH(klT.n1xkB) )
e? ✗ Ii}

I Kian) ✗ Ii}

* [°"]

0

Klan)

e? ✗ to}

so E sends e? to generator corresp e ?

i.e.
E- = L so claim is true ✓

Claim : 4 is onto

let ✗ c- H
"

(KA; IT)

I ñ c- CTX
,
A ;t) s-t. ✗= [I]

so I:(n IX.A)→ IT

define f
,

on to be constant on X
"" )

and for each n-cell e ; of ✗

f
,
: ei →Ki-in )

represents [ face :)] = Ñle ? ) E Ti
= talkt.nl)

this gives f, on ✗
"'

for each e?
"

of ✗ note

Ñ (2%+1)=0 since 85=0

so fate;
" ) is null-homotopic in Ktn)

and we can extend for over eF
"

,
a.e. over ×

""



but now Tin /Kit, n) )
= O th > n

,

so no obstruction to extending tin to £ : ✗→ kti.nl

as in proof of first claim we clearly have

4kg ) = f&* (c) = x-p
Clarin : 4 is injective

suppose f.g
: IX. A)→ (kit, n )

,

%) s.t. 4(f) = ✗(g)

the primary , and only, obstruction to a

homotopy from f tog hires in

⊖ EH? IX. A ; it)
if we evaluate on e? weget ace? )

"⇔ ,

✗
"iii. is⇔N

fle ? )

so ⊖ le:) = f leg ) -g. (e;) c- In ita)

=L -9*1 left)
= 4- *o -g

* c) Ce ? ) = 0
i. f is homo topic tog ¥7


